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INVERSE SCATTERING PROBLEM FOR A PIECEWISE 
CONTINUOUS STURM - LIOUVILLE EQUATION WITH 
EIGENPARAMETER DEPENDENCE IN THE BOUNDARY 

CONDITON 

KH. R. MAMEDOV 1 , NIDA P. KOSAR 2 AND F. AYCA CETINKAYA 3 ’* 


Abstract. In this study, the inverse problem of the scattering theory on the 
half line for a piecewise continuous Sturm-Liouville equation with boundary 
condition depending quadratic on the spectral parameter is considered. The 
scattering data of the problem is defined, some properties of the scattering 
data are investigated. The main equation is derived and uniqueness algorithm 
to the potential with given scattering data is studied. 


1. Introduction 


In this paper, we consider the differential equation 

— y" + q(x)y = A 2 p(x)y 0 < x < +oo (1) 

with the boundary condition 

(A) + i/3 iA + A 2 A 2 ) y'{ 0) + (a 0 + *<*iA + a 2 A 2 ) y( 0) = 0 (2) 

where A is a spectral parameter, q{x) is a real valued function satisfying the condi¬ 
tion 


r+°° 


/ (1 + x) |q(x)| dx < + 00 , 


Jo 


p(x) is a positive piecewise continuous function 


p{x) = 


or, 0 < x < a, 

1, x > a, 

as 0 < a / 1 and a,, A [i = 0,1, 2) are real numbers satisfying the conditions 
i 5 i := ao/ 3 i — otipQ < 0 , 62 '■= aofa ~ cK 2 /?o A 0 j ^3 := a i@2 — 012P1 > 0 . ( 3 ) 


The inverse scattering problem for m is completely solved in [Tj with the bound¬ 
ary condition y( 0) = 0 and in [2] [3] with y'( 0) — hy( 0) = 0 where h is an arbitrary 
real number. Inverse problem of spectral analysis which has a spectral parameter 
in the boundary condition is studied in [8] as regards to spectral function. In [4] a 
boundary value problem which consists a second order differential equation with a 
discontinuous coefficient is studied on the half line. When the coefficient has discon¬ 
tinuity at the point a, the solution of the inverse scattering problem was examined 
as the solution of two inverse problems in the intervals [0, a] and [a, + 00 ) in jT2IIT3] . 
This discontinuity affects the structure of the representation of the Jost solution 
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and the main equation of the inverse problem. In E IS 0 Ej similar problem is 
examined as regards to scattering data . This type of boundary conditions arise 
from applied problems such as the study of heat condition by E. In |10| the inverse 
scattering problem is dealt on the whole axis. 

The paper is organized as follows. In Section 2, the scattering data for the 
boundary value problem 0,0 is defined and properties of the scattering data are 
examined. In Section 3, the main equation for the inverse problem is constructed 
and the uniqueness of solution of the inverse problem is given. 


The function 




AV (*) 


is the Jost solution of o when q(x) = 0, where /i ± (x) = ix-y/ p(x) + a(l =F \J p(x)). 

It is well known from (see [4j ;5]) that for all A from the closed upper half-plane 
O has a unique solution e(x, A) which can be represented in the form 


e(x, A) = e 0 (x, A) 


r+oo 


//i+(x) 


K(x , t)e lM dt , 


where the function K(x,t ) € L\ (/i + (x), + 00 ) satisfies the properties below: 

1 


^-K(x,fi + {x)) = 1— 

ax 4 yV(x) 


1 + 


1 


q(x), 


— [K(x, (i (x) + 0) - K(x, n (x) - 0)] = Z— I 1 - A - rT 

dx 4 y/p(x) \ y/p{x) 


q(x) 


( 4 ) 

( 5 ) 

( 6 ) 


if q(x) is differentiable, the kernel K(x,t) satisfies (a.e) the equation 
p{ x ) K tt - K "x + q( x ) K = 0 , 0 < x < +00, t > M + (x). 

Since the function q(x) are real valued and the numbers a.i, (3i (i = 0,1,2) are 
real, the function e(x, A) is also a solution of the boundary value problem 0, 0 
and together with e(x, A) it forms a system of fundamental solutions for real A ^ 0, 
their Wronskian does not depend on x and 


W |e(x, A), e(x, A) j = e'(x, A)e(x, A) — e(x, A)e'(x, A) = 2iX 


( 7 ) 


holds. 


2. Scattering Data 

Let us assume that w(x, A) be a solution of equation 0 satisfying the initial 
conditions 

w(0, A) = Po + iP iA + P 2 A 2 , iy , ( 0, A) = — (cio + icxi A + 0:2 A“) 
then the following assertion holds. 
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Lemma 1 . For any real number X 7 ^ 0 
2iXw(x, A) 


E( A) 


= e(x, A) — S(X)e(x , A) 


( 8 ) 


is valid, where 

E(X) := ( 8 o + i)3±X + /? 2 A 2 ^ e 7 (0, A) + (ao + iaiA + a 2 A 2 ) e(0, A) 

and 


5(A) := 


(/?o + * 8 iA + /? 2 A 2 ) e'(0, A) + (ao + iaiA + « 2 A 2 ) e(0, A) 


(80 “I - ift\X + 82 A 2 ) e'(0, A) + (ao + icy iA + (T 2 A 2 ) e(0, A) 
Moreover, the functions E{ A) and 5(A) /uwe t/ie properties below: 


E(X) = E(—X), 5(—A) = 5(A). 


Proof. Since the functions e(x, A) and e{x, X) are fundamental solutions of equation 
m for all real A / 0 we can write 


w(x, A) = ci(A)e(x, A) + C 2 (A)e(x, A). 
Now let us consider the following relations: 


ci(A)e(0, A) + C 2 (A)e( 0 , A) — 80 + ifiiX + 82 A , 


Ci(A)e / (0, A) + c 2 (A)e'(0, A) — — (ao + iaiA + (T 2 A 2 ) . 


Hence, we have 


ci(A) — — ——- (80 + i /81 A + 82 A 2 ) e / (0, A) + (a 0 + icy\X + 02 A 2 ) e(0, A) 
ZiX L . 

C 2 (A) = [(80 + i/3 iA + /3 2 A“) e^O, A) + (ao + ice iA + a 2 A 2 ) e(0, A)] . 

Thus, the relation below is valid: 

-1 


•j(x, A) = — (/3o + i/3iA + 82 A 2 ) e'(0, A) + (a 0 + iaiA + a 2 A 2 ) e(0, A) e(x, A) 


+ 7 ~r [(/3o + i /81 A + 82 A“) e'(0, A) + (ao + iaiA + a 2 A“)e( 0 , A)] e(:r, A). (9) 

ZiX 

Now let us show that E( A) 7 ^ 0 holds for real A 7 ^ 0. 


Assuming E(Xq) = 0 as 0 7 ^ Ao G (— 00 , + 00 ) we get 

a n i i _ (a 0 + «aiA 0 + a 2 X 2 0 ) 

e (0, Ao) — — —— , , a x — ,3 \ 2 i e (0’ 'M- 


(80 + * 81^0 + 82 Ag) 
If we take into consideration © and GOD we have 

i 2 


( 10 ) 


3(0, Ao)| 


*1 - Agfc 


= 1 


(80 + ipi Ao + 82A§) (80 — ifiiXo + 82A0) 
and due to the relations given in ©, the last equation makes a contradiction to the 
assumption E( Ao) = 0 for all Ao 7 ^ 0. The validity of © can be easily seen from 
©• Hence, the lemma is proven. □ 

The function 5(A) which is identified in © is called the scattering function of 
the boundary value problem ©, ©• 

The left hand side of © is clearly a meromorphic function in the upper half 
plane ImX > 0 with poles at the zeros of the function E( A). 
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Lemma 2. The function E( A) may have only a finite number of zeros in the half 
plane ImX > 0. 

Proof. Since E(X) ^ 0 for all real A ^ 0, the point A = 0 is the possible real zero 
of the function E( A). Using the analiticity of the function E( A) in upper half plane 
and the properties of solution dH) it is obtained that the zeros of the function E( A) 
form at most countable and bounded set having zero as the only possible limit point. 


Now, let us show that these zeros are in the half plane ImX > 0. Suppose that Ai 
and A 2 are arbitrary zeros of the function E( A) and consider the following relations 

-e"(x, Ai) + q(x)e(x, Ai) = A \p{x)e{x, Ai), 


—e"(x, A 2 ) + g(x)e(x, A 2 ) = Afp(x)e(x, A 2 ). 

Multiplying the first equation by e(x, A 2 ) and the second one by e(x, Ai), subtracting 
them side by side and integrating over [0, + 00 ) we have 

(a^ - A 2 “^) J e(x, Ai)e(x, X 2 )p(x)dx - W |e(0, Ai),e(0, A 2 )| = 0. (11) 

On the other hand, the following relation holds as j = 1,2: 

E(Xj ) = (/3 0 + iXjpi + /3 2 A ,j) e (0, Xj ) — (cko + iXjCti + q; 2 A 2 ) e(0, A j) = 0. 
Hence, we have 

e-(0,A i ) = - ( “U; Aj ° 1 + “ 2A i ) 1'’ A,) 0 = 1,2). 

(fio + *Aj/3i + /3 2 A“) 

This formula yields 

W |e(0, Ai), e(0, A 2 )| = e(0, Ai)e(0, A 2 ) 

(cto + iXicti + a 2 Aj) (ao + zA 2 <ai + a^Aj) 

(Po + iXiPi + PiX\) (fio + iX 2 Pi + P 2 X 2 ) 

The choice A 2 = Ai and some calculations give us 


W {e(0, Ar), e(0, A x )} 


i |e(0, Ai)| (Ai + Ai) <5i + 2ImXi5 2 — 5$ |Ai| 


\Po + iXiPi + ft 2 Af | 

Taking the last relation into account with m we have 

P + °° 


A - Ax 


|e(x, Ai)| p(x)dx 


^A^ — Ai ^|e(0,Ai )| 2 ii5i + 2/mAi<5 2 — ^3 |Ai| 


= 0 


Wo + iPiXi+foXlf 

and we reach Re Ai = 0. Therefore, the zeros of the function E( A) lie only on the 
imaginary axis. 


Let us prove that there are only finitely many. This is obvious if E( 0) ^ 0, 
because under this assumption the set of zeros can not have limit points. To verify 
that the number of zeros of E{ A) is finite in general case, we can give an estimate 
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for the distance between the neighboring zeros of the function E{ A) (see [T], page 
186). Thus, the lemma is proved. □ 

Lemma 3. The zeros of the function E{ A) are all simple. 

Proof. Differentiating the equation 

— e"(x, A) + q{x)e{x, A) = A 2 p(x)e(x, A) (12) 

with respect to A, one can show that 

— e" {x , A) + q(x)e(x, A) = A 2 p{x)e{x, A) + 2A p{x)e{x, A) (13) 

with the over dot denoting the derivative with respect to A. 


Multiplying m by e(x, A) and (fl3l) by e{x, A) subtracting them side by side and 
integrating over [0, +oo) we obtain, in view of the definition of the function E{ A), 
the following relation 


p+oo 


2A 


\e{x, X)\ 2 p{x)dx + |e( °’ A)l (^+ 2Xa2 


Pa + iXPi + /32 A 2 

e(0, X)(iPi + 2A p 2 ) [~ (cto + ia^A + a^A 2 ) e(0, A)] 


Po + iXPi + P 2 X 2 

E{ A)e(0, A) 

Po + iXPi + P 2 A 2 

If we take A = ip k in the last relation we have 


Po + iXPi + P 2 X 2 


f + °° 2 

2 Hk / \e(x,ipk)\ p(x)dx 
Jo 


+ 


\e( 0 ,ipk)\ {ai+2p k a2) 

Po - Pink - P2PI 

|e(0, ip,k)\ 2 (-ao + Q.ip k + a 2 p k ) (Pi + 2 p k p 2 ) 


{Po - Pipk ~ P 2 P-I) 
E( i w )e(0,i W ) (t=T ^j 


Po - PlPk ~ PiPl 

Some basic operations yield us the equation below: 


(14) 


(* + 00 




\e{x,ip k )\ 2 p{x)dx 


|e(0, ipk)\ 


2 -5 1 - 2 p k S 2 + p 2 k S 3 ‘ 
{Po - Pip k - P 2 P-I) 


. E{ip k )e{ 0 ,iiJ, k ) 

I - 7J 

Po - Pip k - P2PI 


{k = 1, n). 


It is clear from ([3]) that the left hand side of the last equation is positive. Thus 
E{ip k ) 7 ^ 0, i.e. the zeros of the function E{ A) are simple. □ 

The numbers m k given by the formula 


(*+00 


m u 2 := 


e{x, iX k )\ 2 p{x)dx — ^ 


2 (k = l,n) 


J o 2Afc {po — PiXk — P 2 XI) 

are called the normalizing numbers of the boundary value problem Q, ©• 
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Let us set 


02 = 0 , 


eo(0,A) -2i\a l+Te~ 2iXaa 

So (A) = { e '“ A "‘+ T J. 

' *KS = 02 ^ o, 


eJ(0,A) 

and t = (a — 1) / (a + 1). It is easy to verify that So (A) — S( A) tends to zero as 
IA| —^ Too. 


3. Main Equation 

The following theorem is devoted to the construction and introduction of the 
main equation of the inverse problem. 

Theorem 4. The kernel K(x, y) of the representation 0 satisfy the integral equa¬ 
tion 

r*+oo 


r i-oo 

F(x,y) T K(x,y) + K(x, t)F 0 (t + y)dt - tK(x, 2a - y) = 0, (15) 

•'/■»+(®) 


where 


F(x, y) = F s (x, y) + ^2 TO fc e o(T iX k )e XkV , 
k=1 

n 

F 0 (x) = F 0s (x) + J2mle~ XkX . 


k =1 


Pvoof. To obtain (|15j) . wg substitutG a in a and get 
2iXw(x, A) r+ °° 


E{ A) 


_ /-t-oo 

— eo(x, A) T So(A)eo(a:, A) = / K{x,t)e~ lXt dt 

r+oo 

T [S 0 (A)-S(A)]e 0 (x,A)+ / [S 0 (A) - S(A)] Jv (or, t)e iXt dt 


p + OO 


'/*+(*) 


Sq(X)K(x, t)e lM dt. 


(16) 


Multiplying both sides of © with , then integrating with respect to A over 
(—oo, Too) the right hand side of (fl6l) becomes 

/>+ 0 O 


K{x,y) 


h 


[S 0 (A) - S(A)] e 0 (x, X)e iXy dX 


r+oo 

M + (*) 

+oo 

A* + (a:) 


K(x, t ) 


K(x, t) 


i 


—oo 

poo 


[S 0 (A) - S(A)] e iX{t+v) dX j dt 
S 0 (A)e a(t+!/) dAl dt. (17) 


By elementary transforms we obtain 
S 0 (A) = e~ 2iXa ^ ~ T ^ 6 


2iAo:a 


T re 


— 2iXa 


2iAa(l —a) 


^ _(_ q-g2i\aa 

(i-TEf-D 


k^k ^2iXaotk _j_ ^.^—2iXa 


k—0 
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as /?2 = 0. If we take into consideration this relation and the last integral of 113 
we have 

-| /* +00 00 

— S 0 (X)e lX{t+y) dX = (l — t 2 ) l) fc r fe i5 (t + y — 2a (l — a) + 2aak) 
2n fc=o 

+ tS (t + y — 2a ), 

where 5 is the Dirac-delta function. 

Hence, 113 can be written as 

r+oo 

K(x,y ) + F s (x,y)+ K(x,t)F 0s (t + y)dt (18) 

J fi+{x) 

OO 

— (1 — t 2 ) YX-l) k T k K(x, 2a(l — a) — 2 aak — y) — tK(x, 2a — y), 


k -o 


where 


F s(x,y) = ^(l + 


Vp(x) 


Fo(y + fJ- + {x))+^(l- 1 


vpOe) 


1 f + °° 

Fos(x) = — [5 0 (A) - 5(A)] e~ iXx dX. 


F 0 (y + y (x)) , 

(19) 

( 20 ) 


The sum in (fTSl) equals zero for y > y + (x) (see [5]). Therefore, 03 takes the form 

r+oo 

K(x,y) + F s (x,y) + / K(x,t)F 0s (t + y)dt - rK(x,2a - y). 

Jn+(x) 


Multiplying both sides of (fTfil) with integrating with respect to A over 

(—oo, +oo) and then using Jordan’s lemma and the Residue theorem, on the left- 
hand side of (USD we find 


E 


2A fc (/3 0 - /3iX k - X 2 k )e(x, iX k )e XkV 


fc=1 iE(iX k )e(0,iX k ) 

Taking d into account we can transform 123 to the form 


( 21 ) 


— ^2 rn 2 k e(x , iX k )e 


~^kV 


( 22 ) 


fc=l 


From 13 and (fTtH) . we derive the equation 

r+oo 

1 + + {x) 


E 




k =1 


= K(x,y) 


r+oo 

eo(x, iX k )e~ XkV + / K(x,t)e~ Xk ^ t+v ^dt 

J/i+(x) 

r+oo 

+ F s (x,y) + K(x,t)F 0s (t + y)dt - rK(x,2a - y). 

Jn+(x) 

If we take (3.5) and (3.6) into consideration with (1^1) . we finally obtain (fl5l) for 
y > y + (x). The theorem is proved. □ 
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Equation is called the main equation of the inverse scattering problem of 
©, ©• To form the main equation, it suffices to know the functions Fq( x) and 
F{x, y ). In turn, to find the functions Fq(x) and F(x, y ), it suffices to know the set 
of values 

{S( A)( —oo < A < +oo); Afe; nijfik = 1, n)} 

which is called the scattering data of the boundary value problem (JT]) , With 
the given scattering data we can construct the functions Fo(x), F(x,y) and write 
out the main equation for the unknown function K(x, y). Solving this equation we 
find the kernel K(x,y) and with the help of ©, (0 we find the potential q(x). 

Theorem 5. For each fixed x > 0, the main equation m has a unique solution 
K(x, y) S Li( 0 ,+oo). 

Proof. The transition functions F{x,y) and Fq(x) have the similar properties to 
those of the transition functions for the problem with the spectral parameter linearly 
contained in the boundary conditions, thus the proof can be done analogously to 
0 - □ 

With the help of the above theorem, we have: 

Corollary 6. The potential q{x) in problem U\). (0) is uniquely defined by the 
scattering data, i. e. if the scattering data of two problems with potentials q(x ) and 
q(x) coincide, then q(x ) = q(x) a.e. on the half line. 
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